Graphene plasmons are emerging as an alternative solution to noble metal plasmons, adding the advantages of tunability via electrostatic doping and long lifetimes. These excitations have been so far described using classical electrodynamics, with the carbon layer represented by a local conductivity.
T he collective excitations of conduction electrons in nanostructured metals known as plasmons are currently finding application in areas as diverse as ultrasensitive biosensing, 1À3 cancer therapy, 4, 5 photodetection, 6 and improved photovoltaics, 7, 8 out of which commercial devices are either available or expected to be released in the short term. Additionally, plasmons are being investigated for potential use in optical signal processing, 9 improved nonlinear response, 10, 11 and quantum information devices. 12, 13 These fields are fueled by the ability of plasmons (i) to confine electromagnetic energy down to truly nanometer scales, well below the wavelength scale imposed by the diffraction limit, and (ii) to consequently enhance the light intensity relative to externally supplied illumination. 14 However, as powerful as plasmons may seem, further exploitation of these excitations is being hampered by their limited lifetimes, typically of a few tens of optical cycles in confined configurations (e.g., ∼10 À13 s within the near-infrared). Additionally, plasmons are difficult to control without producing structural changes in the materials in which they are trapped.
In this context, the high degree of confinement and long lifetimes of plasmons in graphene compared to conventional metal plasmons 15 have stimulated intense experimental and theoretical efforts to study these collective excitations, partly triggered by the prospect of applications to metamaterials, 16, 17 photodetection, 18, 19 and quantum optics. 20 Besides its high degree of crystallinity compared to noble metals, graphene offers the advantage of being easily tunable via electrostatic gating, whereby a net density of electrons or holes is created in the carbon sheet to screen the perpendicular dc electric field produced by a nearby electrode, typically placed in a backgate configuration. This provides a convenient way to tune the Fermi energy up to >1 eV 21, 22 and to electrostatically control the frequency and even the mere existence of plasmon states. The electrostatic tunability of graphene plasmons has been recently demonstrated in measurements of the terahertz light absorption by ribbons 18 and the infrared scattering strength of a tip situated near graphene. 23 The optical response of graphene has been extensively investigated on theoretical grounds in homogeneous 15,20,24À26 and nanopatterned 17, 19, 20, 27, 28 structures, although most of the reported work relies on a classical electromagnetic description of the carbon sheet, which is represented by a local, frequency-dependent conductivity. A first-principles analysis including nonlocal effects has only been performed for extended graphene 15, 24, 25, 29 and for plasmon energies in narrow (<1.5 nm) armchair ribbons. 30 The latter exhibit plasmons even when they are undoped, in contrast to zigzag ribbons, 30 thus indicating that carbon edge terminations play an important role in the band structure and the optical response of nanostructured graphene. Such a dramatic dependence on carbon edges is accompanied by opening of electron band gaps (∼20 meV for a width of 25 nm) and formation of localized edge states in zigzag ribbons. 30À34 Although these effects are expected to be small in samples with characteristic dimensions above 100 nm, a comprehensive study in truly nanometer-sized structures is still missing.
In this article, we present first-principles calculations of the optical response of graphene nanodisks and nanoribbons. We describe doped graphene using a tight-binding model for the electronic structure 35, 36 and the random-phase approximation (RPA) 37 for the dielectric response. The resulting plasmon energies are predicted to follow quite closely those obtained from classical electrodynamics, except for sizes below ∼10 nm, for which the molecular character of the carbon structures shows up by splitting the plasmon features into an increasing number of resonances as the size is reduced. In contrast, the plasmon lifetime displays a slower convergence toward classical theory and remains well below the relaxation time of homogeneous graphene even in structures larger than 20 nm. Our results demonstrate that doped graphene is capable of sustaining plasmons down to sub-10 nm structures, whose understanding requires going beyond classical local electrodynamics.
RESULTS AND DISCUSSION
First-Principles Description of Graphene Plasmons. At low energies below ∼1 eV, the optical response of carbon allotropes is dominated by excitations of the π valence band, formed by electrons residing in the carbon 2p orbitals oriented perpendicularly with respect to the local carbon bonds and populated on average with one electron per carbon site (i.e., this band is half filled due to spin degeneracy). The σ band lies deeper in energy and only contributes with a nearly uniform background polarization. Excited states are formed when π electrons hop between neighboring sites, and thus, it is natural to study the π band within a tight-binding model, in which one-electron states are linear combinations of carbon 2p orbitals (one per site). 35 A tight-binding Hamiltonian is then defined as explained in the Methods section. Despite its simplicity, the tight-binding model provides a reliable description of the electronic structure, 36 particularly when used inside the RPA susceptibility (see below), which is an integrated quantity that should be rather insensitive to corrections affecting individual electron levels due to many-body interations 38, 39 and edge effects. 40 As a first step in our calculation, we diagonalize this Hamiltonian for patterned graphene and find its single-electron states. For finite structures formed by N atoms (e.g., nanodisks), this leads to a set of N doubly spin-degenerate states. In neutral graphene, only half of them are occupied, but in doped graphene configurations, they are filled up to a Fermi energy (E F ) relative to undoped carbons sheets.
The structures under discussion are small compared to the light wavelength, and consequently, they are accurately described within the electrostatic limit, in which the charge density F l induced on each carbon site l can be expressed in terms of the self-consistent potential φ l 0 acting at all sites l 0 as
where χ ll 0 0 is the noninteracting susceptibility. Furthermore, we obtain χ 0 using the RPA, 37 in which only electronÀhole pair excitations are considered. The susceptibility is then constructed from the expansion coefficients a jl of the tight-binding states ∑ l a jl |lae, where j is a state label and l runs over carbon sites. More precisely 37
where ω is the light frequency, pε j is the energy of state j and f j = {exp[pε j À E F )/k B T] þ 1} À1 is its occupation at temperature T (we set T = 300 K throughout this work), τ is an intrinsic relaxation time, 41 and the factor of 2 before the sum stems from spin degeneracy. A direct evaluation of χ 0 for a carbon cluster formed by N atoms (e.g., N ∼ 12 000 for 20 nm disks) constitutes a tour de force that requires summing ∼N 4 terms, so instead, we employ an alternative procedure based upon the use of the fast Fourier transform (FFT), which reduces the task to ∼N 3 operations, as explained in the Methods section. Incidentally, the orthogonality of the electron states directly implies ∑ l χ ll 0 0 = 0, and this in turn guarantees the vanishing of the net induced charge ∑ l F l = 0 (see eq 1). Now, the total potential is the sum of the external potential φ ext and the potential produced by the induced charges:
where v ll 0 is the Coulomb interaction produced on the p orbital at site l by a unit charge with the distribution of the p orbital at site l 0 . This interaction is roughly 1/r for l 6 ¼ l 0 , whereas v ll = 0.58 atomic units (au). Nonetheless, we calculate v ll 0 rigorously using the probability distribution ARTICLE associated with carbon 2p orbitals taken from tabulated atomic data. 42 We self-consistently solve eqs 1 and 3 to find F l and then compute the absorption cross section σ abs ¼ 4π(ω=c)ImfR(ω)g from the polarizability R, which is in turn given by the dipole induced upon illumination with a uniform electric field E ext (i.e., φ l ext = À x l E ext ) as
where x l are the projections of the atomic coordinates along the external field direction. Finite-Size and Nonlocal Effects in Graphene Nanodisks. We show in Figure 1a several examples of extinction spectra calculated for graphene nanodisks of different size and a common doping level (E F = 0.4 eV). A first striking observation is the presence of multiple peaks in the smallest disk under consideration (diameter D = 10 nm). Rather than a proper clearly defined plasmon, the spectra for both orientations of the incident light polarization relative to the carbon lattice exhibit several narrow peaks, the width of which is roughly equal to the intrinsic width pτ À1 introduced through eq 2. For larger structures (D = 20 and 24 nm), these peaks evolve toward a single prominent peak of larger width, rather independent of the orientation of the incident polarization. A similar trend toward a single plasmon peak is observed when increasing the intrinsic width (see Figure S6 in the Supporting Information). When compared with a classical calculation of the extinction (black curves), we see that this is in fact the dipolar plasmon sustained by these structures. The classical calculation is based upon a description of the graphene in terms of a frequencydependent local surface conductivity, which is then used to match the electromagnetic boundary conditions imposed by Maxwell's equations in the presence of the nanodisks (see Methods). Remarkably, the classically calculated plasmon exhibits a narrow width ∼pτ À1 , in contrast to the much broader plasmon features predicted by our first-principles RPA calculations. Figure 1b presents a summary of nanodisk extinction spectra obtained as a function of disk diameter for polarizations either along x or y (see inset in Figure 1a ). The actual spectra are given in the Supporting Information ( Figure S8 ). For each value of the diameter, this plot contains several symbols indicating the different peaks that show up in the spectra. The size of each symbol is roughly proportional to the strength of the corresponding peak. We observe a clear trend of convergence of spectral features toward a single plasmon band as the diameter increases. Actually, convergence toward the plasmon energy predicted by the classical model is nearly achieved for diameters above ∼20 nm. For smaller sizes, the strength of the plasmon is generally situated at larger energies (i.e., it is blue-shifted) compared to the classical calculation.
In order to quantify the plasmon width for small diameters, given the complex structure of the spectra, we introduce the half-area width, which we define as the accumulated width of a spectral region centered around the average plasmon energy and containing half of the integrated area under the spectrum (in particular, the half-area width is equal to the fwhm for single Lorentzian peaks). In practice, we define a ARTICLE spectral window in the 0À1 eV range for this purpose. A trend of convergence toward the classical result (∼pτ À1 ), similar to what happened with the plasmon energy, is observed for the plasmon width, although this is still well above the intrinsic damping pτ À1 even for a relatively large diameter D = 24 nm ( Figure 1d ). (Incidentally, small disks of 2 nm in diameter only display one peak within the spectral window under consideration (see Supporting Information, Figure S8 ), the width of which roughly corresponds to the intrinsic damping. Larger disks contain several peaks, and this explains the sudden jump in plasmon width.) Likewise, the ratio of plasmon areas calculated from the RPA and from the classical model (Figure 1c , with the areas integrated over the noted spectral window) is slowly converging toward 1 with increasing diameter. It should be noted that the finite-size effects under discussion occur even for plasmon energies well below E F (large diameters in Figure 1 ), and therefore, their origin is different from Landau damping taking place in homogeneous graphene when the plasmon band overlaps the electronÀhole excitation region at plasmon energies roughly above the Fermi energy.
The additional finite-size width of the plasmon with respect to the intrinsic width pτ À1 seems to be well preserved over a large range of τ (Figure 2a ), thus indicating that it is consistently produced by finite-size and edge effects. It rapidly decreases with increasing disk diameter (Figure 2b ), although it is still taking considerable values well above pτ À1 for D = 24 nm. This behavior can be ultimately understood by noticing the finite spectral separation between different individual excitations in small structures (see Figure 1a and Figure S8 in the Supporting Information), which, even after incorporating the interaction between excited electronÀhole pairs in a self-consistent fashion through the RPA, continue to be separated by a considerable distance in photon energy. For finite relaxation time τ, these peaks coalesce into a single broader plasmon feature (see Figure S6 in the Supporting Information), thus transforming the energy distance between individual excitations into an effective broadening of the plasmon as a whole.
At this point, it is useful to examine the distribution of electronic energies. For example, a disk with D = 12 nm and E F = 0.4 eV ( Figure 2c ) exhibits a characteristic electronic gap near the Fermi level that defines a minimum excitation energy and, therefore, also an optical gap. Moreover, it displays a pileup of electron states around zero energy, essentially localized near zigzag edges of the graphene nanodisk (see Figures S3 and S4 in the Supporting Information for more details). The complex interplay between electronic states via their mutual orthogonality enters this picture by producing more broadening (i.e., larger energy separation between the constituent individual excitations noted above) when edge states are present (see also a related discussion for ribbons in next section). One might naively think that near-zero-energy edge states only contribute to broadening for plasmon energies 
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exceeding the Fermi energy (see Figure 2c ), but this is at odds with the smooth dependence of the plasmon width on disk size around the point where the plasmon energy is crossing E F (i.e., D ≈ 12 nm; see Figure 1b ,d). A possible mechanism of decoherence is related to the distortion of the electronic wave functions near zigzag edges, which is needed in order to fulfill the orthogonality of every electron state with respect to edge states. This distortion can potentially provide extra momentum needed to produce additional electronÀhole pair transitions that couple to the plasmon, in contrast to the stringent momentum conservation conditions in homogeneous graphene. The electronic gap can also influence the plasmon width by limiting the number of available electronÀhole transitions for a given plasmon energy. In this respect, it is interesting to note that the gap exhibits a similar trend as the finite-size width, with a strong decrease toward zero as the disk diameter increases.
The plasmon width shows a nearly linear dependence on 1/D (Figure 2b ), similar to that of metallic nanoparticles. 43, 44 This is phenomenologically understood from Kreibig's model, 43 which associates the extra broadening with the time spanned between electron (or hole) edge collisions. The relevant electrons are moving at a speed close to the Fermi velocity v F , and the increase in the plasmon decoherence rate for nanoparticles of diameter D is ∼2v F /D. 43 The straight line in Figure 2b corresponds to 2pv F /D, in excellent agreement with the RPA width. This supports the interpretation of the nanodisk plasmon width as originating in quantum confinement and finite-size effects, similar to what happens in metal nanoparticles. However, in contrast to nanoparticles, small disks of size below ∼10 nm exhibit multiple excitations that emphasize the molecular character of these structures (see Supporting Information, Figure S8 ), possibly due to the low number of involved graphene electrons compared to metal nanoparticles of similar diameter. The role of edge states discussed above also introduces a clear difference with respect to nanoparticles.
The spectral structure of the plasmon is expected to be complex, as it results from accumulation of multiple peaks toward a single plasmon energy as the disk diameter increases. This is clearly illustrated in Figure 3 , where a disk of size D = 16 nm is analyzed. The plasmon is not yet fully consisting of a single peak for the values of D and pτ À1 = 1.6 meV under consideration ( Figure 3a ). We show the near-field and the induced charge associated with two of the spectral features within the plasmon region, and we find very different spatial behavior (cf. A and B in Figure 3c ,d), particularly when compared to the classical model (C). Additionally, the field enhancement obtained from the RPA is considerably smaller than that predicted by classical theory (see caption of Figure 3 ), in agreement with recent calculations for metallic dimers. 45 This information is important for assessing the strength of the interaction between this structure and additional elements such as molecules for potential use in biosensing or to achieve strong lightÀmatter interaction. 20 Understanding Edge Effects in Nanoribbon Plasmons. An extension of the formalism presented above allows us to simulate graphene nanoribbons (see Methods). In particular, we consider ribbons with either zigzag or armchair edges exposed to a uniform electric field directed across the ribbon width, from which we calculate the absorption cross section under normal incidence conditions. The main results are summarized in Figure 4 , which presents the evolution of the plasmon energy and the plasmon width for different edge terminations. Like in the nanodisks studied above, nanoribbon plasmons are dipolar and thus couple efficiently to external light. In contrast to disks, nanoribbons exhibit a single plasmon feature down to very small widths, presumably due to the fact that electronÀhole transitions are summed over a continuum of electron parallel wave vectors along the ribbon direction (i.e., the electronic spectrum is continuous in ribbons, but it is discrete in nanodisks). The plasmon energies obtained from first-principles calculations (Figure 4b , symbols) nicely converge toward the classical result for sizes above ∼10 nm and show a small blue shift at small ribbon widths. The plasmon width also converges toward the intrinsic value determined by τ ( Figure 4c ), but this convergence is 
remarkably faster in armchair ribbons. In contrast, zigzag ribbons host electron states confined to the edges, 31 which seem to be responsible for the additional plasmon broadening.
Comparing ribbons and disks of similar size (width = diameter), the plasmon width in nanodisks is almost 1 order of magnitude larger than in zigzag ribbons (cf. Figure 1d and Figure 4c ). This suggests that plasmon broadening in nanodisks and nanoribbons is due to different physical mechanisms. Quantum confinement can produce plasmon broadening because the plasmon finds new electronÀhole pair excitations into which it can decay compared to homogeneous graphene; the finite size of the electron (hole) wave functions translates into extra momentum to fulfill energy-momentum conservation. This mechanism should be more efficient in nanodisks than in nanoribbons because disks have larger perimeter-to-area ratio. The inhomogeneous edges and edge-state distributions in nanodisks also contribute in a similar manner to broaden the plasmon, as explained above. These mechanisms are compatible with the large calculated broadening of nanodisk plasmons, exhibiting a nearly linear dependence on 1/D ( Figure 2b) . In contrast, the width of nanoribbon plasmons displays a more complicated dependence on the inverse ribbon width 1/W (see Supporting Information, Figure S10 ). We expect quantum confinement to be less effective in nanoribbons because the electron states are free to move along the spatial direction parallel to them. Edge states in zigzag ribbons are thus the likely origin of additional plasmon broadening in these structures, although their effect is diminished with respect to nanodisks because ribbons have uniform edges. These conclusions are further supported by the fact that armchair ribbons, in which edge states are not present, display a much smaller plasmon broadening, comparable in magnitude to the classical calculation.
Edge states emerge with near-zero energy, 31 so they contribute to the plasmon width for plasmon energies above E F via excitation to unoccupied conduction states. This is what we observe in Figure 4 : the plasmon energy exceeds the Fermi energy when the ribbon width drops below ∼12 nm ( Figure 4b ), and the plasmon width rises enormously in narrower zigzag ribbons ( Figure 4c ). However, the width of zigzag ribbon plasmons is significantly larger than that of armchair ribbon plasmons up to a ribbon width of ≈20 nm, thus pointing to an additional mechanism other than direct excitation of edge states. A possible explanation is provided by the distinct band structures of armchair and zigzag ribbons, which allow transitions between states of opposite wave vector along the ribbon direction only in zigzag ribbons, 30 thus increasing the number of electronÀhole decay channels available to the plasmons.
We have recently shown that for the ribbon widths W under consideration (, light wavelength) an electrostatic scaling law applies to the classically calculated plasmon frequency, namely 28
where σ is the graphene surface conductivity and η is just a constant that only depends on the direction of light incidence and mode polarization. Under normal incidence conditions, the dipole plasmon frequency is obtained by setting η = 0.0675. Then, using the local RPA model for σ, as described in the Methods section, the solution of eq 4 yields a plasmon frequency that cannot be distinguished from the solid curve of ARTICLE Figure 4b (full electrodynamic calculations) on the scale of the plot. Additionally, in the Drude model, the electrostatic scaling law predicts that the plasmon width equals the intrinsic width pτ À1 , 28 in good agreement with the solid curve of Figure 4c , except for ribbons of small width, <10 nm, for which the plasmon energy lies above E F , thus being broadened by Landau damping, not accounted for by Drude. It is remarkable that this simple analytical law is in quantitative agreement with the RPA calculations here presented for the plasmon energy in ribbons wider than 10 nm and also for the plasmon width in armchair ribbons wider then ∼10 nm and in zigzag ribbons wider than ∼20 nm.
CONCLUSIONS
We have performed first-principles calculations of the optical response of doped graphene nanodisks and nanoribbons within the RPA using a tight-binding model for the electronic states. The plasmon width and frequency are dramatically influenced by nonlocal and quantum finite-size effects, compared to a classical electromagnetic description reported elsewhere. 20 Similar to what happens in small metallic nanoparticles, 43À47 plasmon blue shifts are clearly observable due to these effects up to nanodisk diameters and ribbon widths above ∼10 nm. Plasmon broadening is also significant up to sizes above ∼25 nm compared to the plasmon width in homogeneous graphene. We attribute these effects to both the finite size of the structures and the presence of electronic edge states. In particular, localized electron states are supported by zigzag edges 31 (see Supporting Information, Figures S3  and S4 ), which lead to extra plasmon broadening in ribbons with that kind of termination as compared to ribbons of similar size but with armchair edges instead. For small structures below ∼20 nm, nanodisk plasmons display considerable fine structure that is clearly resolvable even when considering a conservative intrinsic broadening, thus emphasizing the molecular character of nanostructured graphene. This is in contrast to nanoribbons, which exhibit a single plasmon feature within the range of ribbon widths under consideration (5À30 nm). Actually, nanoribbons and nanoparticles share in common a large number of electronic states and optical transitions compared to nanodisks, which lead to a single plasmon feature rather than molecule-like modes at small sizes.
Plasmons in nanoribbons wider than 10 nm have been shown to rapidly converge in energy to the results predicted by classical electrodynamics, although the plasmon width is significantly affected by finite-size and edge effects in ribbons of widths below ∼10 nm for armchair terminations and below ∼20 nm in zigzag ribbons. Nanodisks contain a combination of these types of edge terminations, and thus, they are affected by edge states, as well. Actually, the ratio of edge perimeter to graphene area is larger in nanodisks, which is consistent with the fact that plasmon blue shifts and broadenings occur in these structures up to large diameters compared to the ribbon widths. It must be noted that such small graphene structures have been recently synthesized, 48 therefore making the experimental verification of our work feasible in the short term, although it is still technically challenging to combine the required nanofabrication tools with good control over graphene doping and infrared optical measurements.
It is useful to realize that the number of electrons needed to dope a D = 20 nm graphene nanodisk up to a Fermi energy E F = 0.4 eV is only ≈ (E F D/2pv F ) 2 ≈ 37, where we use the electron density in doped homogeneous graphene (n = E F 2 /(πp 2 v F 2 )) for this estimate.
Adding or removing one extra electron thus requires an attainable change of ≈5 meV in E F , which results in a shift by ≈2 meV in plasmon energy, according to the electrostatic scaling law 28 
although actual values might be influenced by the finiteness of the electronic gap. These numbers point to the unprecedented possibility of inducing observable plasmon shifts by electrically injecting one single electron to the graphene structure. Careful analysis of finite-size effects is required to analyze this phenomenon, which can find application to optical switching with ultrasmall amounts of electric energy.
In practical terms, nanodisk doping presents a technical challenge because of the damaging effects that conventional metallic leads can have on the optical response of the structure. Decorating the disks with bridges made of a transparent, conductive material can be a solution, whereas chemical doping is another option, which can be useful for achieving optical sensing of chemical changes in a fluid surrounding the graphene. Aternatively, local doping in a small graphene region of an extended flake can be driven by a nearby charged metal tip, so that the resulting structure mimics a nanodisk of diameter comparable to the tipÀgraphene separation. This configuration should allow plasmons to be confined in the doped region, possibly exhibiting increased plasmon lifetimes due to the absence of damaging edge states.
In summary, a classical electromagnetic treatment is a reasonable approximation only for graphene ribbons and disks with characteristic dimensions of at least several tens of nanometers, whereas a proper quantum description of the electronic states and their collective excitations as presented here is needed for smaller sizes. Our work is thus serving two purposes: (i) it provides a solid justification for the use of classical theory in large structures; and (ii) it presents a landscape for plasmons in smaller structures, which can find potential application to nanophotonic devices ARTICLE (e.g., in plasmonÀmolecule interactions, ultrasensitive optical detection through SERS or SEIRA, and the noted variation of plasmon energy by adding or removing one single electron to/from a graphene nanoisland), but require careful treatment of nonlocal and finitesize effects.
METHODS
Tight-Binding Model. In the tight-binding approach, the oneelectron states j in the π band are constructed as linear combinations of carbon 2p orbitals ∑ l a jl |lae, where l runs over carbon sites. Incidentally, we disregard spinÀorbit interactions, so that electron spin enters the RPA response just through an overall factor of 2 in the noninteracting susceptibility χ 0 (see eq 2). We assume orthogonality between site states, AEl|l 0 ae = δ ll 0 . The only nonzero elements of the tight-binding Hamiltonian H involve nearest neighbors l and l 0 , for which AEl|H|l 0 ae = Àt, where the hopping energy t is a fitting parameter. In homogeneous graphene, this model predicts a band structure characterized by two inequivalent so-called Dirac cones, crossing the Fermi level at two inequivalent K corner points of the hexagonal first Brillouin zone with an energy dependence ≈ (pv F |k|, 35, 49 where k is the electron wave vector relative to the corresponding Dirac point, v F ≈ 3ta 0 /2p is the Fermi velocity, and a 0 = 1.421 Å is the CÀC bond distance. The Dirac cone has been traced through photoemission measurements, 50 from which fine corrections to the band structure have been resolved, although we expect them to be washed out by summing over electronÀhole pairs in χ 0 . The measured Fermi velocity v F ≈ 10 6 m/s leads to a hopping parameter t ≈ 3.1 eV, which is close to the actual value that we use here (t ≈ 2.8 eV), deduced from both STM measurements of graphene nanoislands 48 and fits to ab initio calculations. 36 Incidentally, we neglect next-nearest-neighbor hopping, which is believed to contribute to H with terms ∼0.1 eV. 51 Furthermore, we are treating carbon edges with the same hopping parameter and perfect hexagonal structure as atoms in homogeneous graphene, while a more proper description leads to reconstruction and modified electronic wave functions, 52 but summation over states in χ 0 should minimize this type of effect. In this respect, firstprinciples calculations beyond the tight-binding model have been reported for nanoribbons, 53, 54 from which no significant corrections are expected to emerge in the optical response.
Evaluation of the RPA Susceptibility in N 3 Time Using the Fast Fourier Transform. Direct summation of eq 2 involves ∼N 4 operations. This task becomes currently unaffordable for the size of the structures considered in this work. Instead, we evaluate χ 0 in N 3 time by writing 55, 56 
where
is a spectral function and
are auxiliary functions, the evaluation of which takes a time proportional to N 3 (see below). The integral of eq 6 is then carried out using the FFT. Details on the convergence of this method are provided in the Supporting Information ( Figure S5 ). Incidentally, according to eqs 1 and 3, the self-consistent potential acting on the carbon atoms reduces to φ = (1 À v 3 χ 0 ) À1 3 φ ext , where the dot indicates matrix multiplication and the atomic-site label l is used as the matrix index. The matrix inversion needed to evaluate φ also takes a time ∼N 3 . The electron energies are limited to a finite range p|ε j | < pω max , and therefore, we only need to compute the auxiliary functions F ll 0 (ω) and G ll 0 (ω) for ω within that range, over which we define a finite grid of N ω frequencies ω n . In order to facilitate the convolution discussed below, we take equally spaced frequencies, and N ω is chosen to be a power of 2. We evaluate the auxiliary functions by splitting the weight of the δ functions in eq 7 into neighboring frequencies, so that each term j contributes to F ll 0 (ω n ) as 55 a jl a jl 0 * (1 À f j )(ε j À ω n )/(ω nþ1 À ω n ) and to F ll 0 (ω nþ1 ) as a jl a jl 0 * (1 À f j )(ω nþ1 À ε j )/(ω nþ1 À ω n ), and likewise for G, with ε j lying between ω n and ω nþ1 . This procedure has to be repeated over the N 2 combinations of sites l and l 0 for each of the N states j, so that it takes a time ∼N 3 , with independence of the number of frequencies N ω .
We evaluate the convolution of eq 6 using the FFT in a time roughly proportional to N log 2 N ω for each combination of l and l 0 , thus preserving the approximate N 3 time scaling of the overall computation. This yields S ll 0 (ω n ) over a frequency grid spanning the range |ω n | < 2ω max . The FFT is actually carried out using the FFTW package. 57 Finally, the integral of eq 5 is calculated from S by performing the frequency integral over each element of the ω grid:
where the weights 2 À ω 02 ω 0 À ω n À 1 ω n À ω n À 1 (8) are analytically computed once and for all the first time that they are needed. RPA for Nanoribbons. We consider nanoribbons of period b along their direction of translational symmetry, containing N carbon atoms in the unit cell. We describe electronic states of ribbons with zigzag and armchair edges within the tightbinding model, which faithfully follows the ribbon electronic structures previously reported in the literature. 31 More precisely, we use Bloch's theorem 58 to construct a complete set of electron eigenstates labeled by both the carbon site index l within the first unit cell and the Bloch wave vector k spanning the first Brillouin zone (|kb| < π). The eigenstate amplitudes thus become a jl,k e ikbn , where the integer n runs over unit cells. It is convenient to decompose the externally applied field in terms of its Fourier components along the ribbon direction z, on which they depend as φ l,q ext e iqz . After some algebra, we find that the induced charge density and the potential depend on n through a factor e iqbn ; the total potential reads
where v ll 0 , q ¼ ∑ n v l0, l 0 n e iqbn involves a sum of the Coulomb interaction v l0,l 0 n between atoms l and l 0 separated by n unit cells (charge neutrality, leading to ARTICLE ∑ l χ ll 0 0 = 0, allows us to subtract 1/|nb|, from n 6 ¼ 0 terms in this sum to accelerate its convergence); the induced density becomes F l,q = ∑ l 0 χ ll 0 ,q 0 φ l 0 ,q ; and the noninteracting RPA susceptibility appropriate for the 1D translational symmetry reads
where we have approximated qb , 1. We compute χ ll 0 ,q 0 by performing the k integral using N k equally spaced points. In practice, we use N k ∼ 10 4 to achieve convergence in the spectra for pτ À1 ∼ 2 meV. We apply this formalism to a uniform electric field E ext oriented along the ribbon width (i.e., an external potential À x l E ext with q = 0, where x l is the coordinate of atom l along the graphene direction normal to z). Finally, the absorption cross section reduces to
where L is the ribbon length. Intrinsic Relaxation Time. In practice, τ in eq 2 represents an intrinsic relaxation time produced by inelastic electronÀ electron, electronÀphonon, and electronÀimpurity scattering. Actually, electronÀphonon coupling plays a leading role at plasmon energies above the in-plane optical phonon energy ∼0.2 eV. 15, 34 A first-principles treatment of the relaxation time must involve many-body interactions, whose computation is outside the scope of the present work and becomes extremely challenging even for homogeneous graphene. 38, 39 Here, unless otherwise stated, we take the empirical value τ = 10 À12 E F in seconds, where E F is expressed in eV, as estimated from a measured dc mobility of 10 000 cm 2 /(V 3 s). 15, 59, 60 This renders τ large compared to the relaxation produced by finite-size and edge effects in the nanostructures under discussion, and therefore, the conclusions of our work are rather independent of the exact choice of τ.
Classical Electromagnetic Calculations. We compare our RPA results with classical electromagnetic theory throughout this paper. Classical theory is computed here by rigorously solving the Maxwell equations using the boundary element method (BEM) 20,61 for nanodisks and nanoribbons. In the BEM, graphene is modeled as a thin film of edges rounded by semicircular profiles and characterized by a dielectric function 1 þ 4πiσ/ωt, where t is the film thickness and σ(ω) is the frequency-dependent surface conductivity. We use t = 0.1 nm, which is well converged with respect to the t f 0 limit (see Supporting Information, Figures S12 and S13). Most importantly, we take σ(ω) from the local limit of the random-phase approximation for extended graphene (i.e., for zero parallel wave vector), which is available in analytical form in the literature 24, 25 and reproduced in the Supporting Information for convenience. By construction, this classical approach must exactly converge to our RPA calculations in the limit of large disk radius or ribbon width for vanishing parallel wave vector. However, dramatic deviations between the RPA and the classical local theory are reported in this work for disks (ribbons) of finite radius (width), which are shown to decrease with increasing disk (ribbon) size beyond a few tens of nanometers.
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Effects in Graphene Plasmons
Construction of carbon atom clusters
As a first step in our calculations, we construct a cluster of atomic coordinates made of all N carbon atoms that lie inside a given geometrical shape. In particular, disks are parametrized by a circle of the required nominal diameter D, with its origin at the center of a C-C bond oriented along the x axis (see Figure S1 ). Obviously, edge atoms connected by dangling bonds are eliminated from the resulting cluster.
One-electron states
It is useful to examine some characteristic wave functions of graphene nanostructures. Oneelectron states are obtained by defining a tight-binding Hamiltonian matrix H ll with indices l and l running over atom sites, in which the only nonzero elements correspond to nearest neighbors and take the value t = 2.8 eV. [1] [2] [3] [4] Second nearest neighbors can be easily incorporated into this Hamiltonian with no additional computational cost, although we do not include this interaction here. * To whom correspondence should be addressed S1 D = 2 nm y x Figure S1 : Construction of a carbon atom cluster representing a graphene disk of nominal diameter D. We start from an infinite graphene lattice oriented as shown in the figure. Only atoms contained within a circumference of diameter D are included in the cluster (D = 2 nm in this example). The circumference is centered at a C-C bond. Edge carbon atoms with single bonds are eliminated (red-crossed atoms).
The N real eigenvalues and eigenvectors of the real, symmetric matrix H are obtained using standard numerical linear algebra. 5 By construction, N states (including spin degeneracy) are obtained having negative energy, so that the Fermi energy of neutral graphene with one valence electron per carbon atom is E F = 0. Doped graphene is thus characterized by the value of E F relative to neutral graphene. Electron spin-orbit interaction is ignored in this tight-binding approach.
Each tight-binding orbital is then populated by two electrons of opposite spin. The spin degree of freedom emerges in the calculation of the random-phase approximation (RPA) response just through a trivial factor of 2 in the non-interacting susceptibility χ 0 (see main paper). are more tighly focused at the K points for larger diameter. Interestingly, the Dirac cone structure of graphene emerges in the ring-like shape of the D = 20 nm features when the energy reaches a sufficiently high value along the linear dispersion relation of the carbon sheet (see Figure S2j ).
Electron edge states
The intriguing properties of NZE states are further explored in Figure S3 for a disk of diameter D = 20 nm. There is a clear pileup of states in the NZE region ( Figure S3a ), the average probability density of which mainly accumulates near the disk edges ( Figure S3b, left) , in contrast to other states of higher energy ( Figure S3b, right) . This is further illustrated by the probability density averaged over azimuthal angles, which is shown in Figure S3c 
S5
can suffer modifications due to edge reconstructions, although they seem to be robust 6 and the present description based upon unreconstructed terminations should be sufficient to explore their effects in the RPA response.
Further examination of NZE states reveals that they are mainly concentrated near zigzag-like edges (see Figure S4 ), which are known to support these types of modes in ribbons, in contrast to armchair-like edges. 4, 7 In particular, the state depicted in Figure S2e is concentrated in a subset of the zigzag edges, giving rise to a Fourier transform ( Figure S2h 
D=6nm FFT N =2 14 FFT N =2 12 FFT N =2 10 RPA x RPA y Convergence of the FFT method used to evaluate χ 0
We show in Figure S5 that the FFT method (see Methods section in the main paper) already displays good convergence for N ω = 2 12 frequencies, compared to the direct evaluation of χ 0 . This degree of convergence is rather independent of the size of the structure, and therefore, we use this value of N ω throughout the present work. 
S6
RPA
D=20nm Figure S6 : Variation of extinction spectra with intrinsic relaxation time τ. The molecular character of the response shows up through multiple narrow peaks that are clearly visible at the smallest value ofhτ −1 under consideration. These peaks broaden and eventually merge into a single peak ashτ −1 increases.
Dependence of calculated absorption spectra on τ
In general, multiple peaks pile up near the classical plasmon energy, and their separation decreases with increasing disk size. For sufficiently large disk diameter, this separation is below the intrinsic widthhτ −1 , thus leading to a single broader peak. This process, which is common to all disks under study for sizes above ∼ 10 nm, is illustrated in Figure S6 . Simultaneously, this emphasizes the complex nature of plasmons in graphene nanostructures, which involve a superposition of a number of collective modes that can only clearly be resolved either for artificially large values of τ or for small disks. Figure S1 , starting from a circumference centered either at a C-C bond (left) or at a C atom (right). These clusters display very different distributions of zigzag-like and armchair-like edges. (b) Extinction spectra calculated for
Strong sensitivity of absorption spectra to edge terminations
x and y incident polarizations in the two clusters of (a).
S8
ure S7 by comparing two disks of similar size (nominal diameter D = 6 nm) centered either at a C-C bond (C-C-centered, like in the rest of this work) or at a carbon atom (C-centered). The C-centered cluster has three-fold rotation symmetry, and therefore, its response is identical for x and y polarization directions. In contrast, the C-C-centered cluster exhibits a marked asymmetry between both of these polarization directions. The distribution of zigzag edges in these clusters is remarkably different as well (see Figure S7a ), and directly affects the optical properties. Figure S8 : Size-dependence of plasmon excitations in graphene nanodisks. Extinction spectra of graphene disks constructed as in Figure S1 for different diameters D. The Fermi energy is E F = 0.4 eV and the intrinsic width ishτ −1 = 1.6 meV. The extinction is calculated for incident-light polarization either along x (RPA x) or y (RPA y) directions (see Figure S1 ). The results of classical electromagnetic calculations are shown for comparison, scaled down to improved readability.
S9
Cluster size dependence Nanodisks
The nanodisk size dependence of the extinction spectra is illustrated in Figure S8 
S10
Nanoribbons
We show absorption spectra for ribbons of varying width and two different edge terminations in Figure S9 . The relative alignment of both edges is as shown in Fig. 4a of the main paper. In contrast to nanodisks, the ribbons are essentially dominated by a single plasmon peak down to a width W = 6 nm. The role of edge terminations is clearly visible through additional plasmon broadening for zigzag edges compared to classical calculations. The plasmon energy and width extracted from these spectra are summarized in Fig. 4 of the main paper. 
Plasmon decoherence
We show in Figure S10 the dependence of the plasmon width on nanodisk and nanoribbon size.
The plasmon width shows a nearly linear dependence on 1/D in nanodisks, in constrast to a more complicated dependence on 1/W in nanoribbons. Furthermore, the magnitude of the plasmon width is one order of magnitude larger in nanodisks than in zigzag ribbons, and this is in turn one order of magnitude larger than in armchair ribbons. This suggests a different origin of the plasmon width in nanodisks (quantum confinement and finite-size effects) compared to ribbons (edge states in zigzag ribbons). The plasmon width in armchair ribbons, which do not support electronic edge states, is of the same order of magnitude as the intrinsic widthhτ −1 = 1.6 meV. S11 Figure S11 : Field and charge distribution associated with different peaks within the plasmonic spectral region in a graphene nanodisk. (a) Extinction spectrum for a disk with physical parameters as shown by text insets. (b) Induced electric field intensity normalized to its maximum (log scale) and calculated at a distance of 0.5 nm above the disk for two of the spectral features indicated in (a). The intensity enhancement relative to the incident field is 598 and 55 in A and B, respectively. (c) Induced charge density amplitude normalized to its maximum (linear scale saturated outside [−0.25, 0.25]) for the same features as in (b). The spectral feature right to the left of A in (a) has very similar field and charge distributions as A itself.
(c)
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Plasmon-peak structure
We explore in Figure S11 the complex structure of the plasmon spectral region, the multiple features of which (see discussion of Figure S6 above) are associated with very different induced field and charge distributions. Figure S11 is calculated for incident field polarization along x, and it supplements Fig. 3 of the main paper, in which we discuss results for y polarization in more detail.
Local RPA conductivity of homogeneous graphene
We use the local RPA (i.e., the limit of vanishing wave vector) for the conductivity in our classical electromagnetic calculations. This admits an analytical expression including a dependence on temperature T : 8 The first term in Eq. (1) corresponds to intra-band transitions, in which the relaxation time has been introduced to make it converge to the Drude model at T = 0. The second term stands for inter-band transitions and is assumed to be independent of τ.
Convergence of electromagnetic calculations with graphene thickness
We present in Figure S12 absorption spectra calculated for graphene nanodisks using the boundary element method (BEM) with three different values of the graphene thickness t (see Meth-S13 Disk diameter (nm) Figure S13 : Convergence of nanoribbon classical calculations with graphene thickness. Same as Figure S12 for the dipole plasmon of graphene ribbons under normal incidence. S14 ods section in the main paper). The plasmon energy and width converge to well-defined values as t → 0. Good convergence is already obtained for t = 0.1 nm, which is the value actually used in all figures of the main paper. The convergence deteriorates for small disks, particularly when examining the plasmon width, because the thickness-to-radius ratio increases and finite-thickness effects start making a significant contribution. These conclusions can be also extrapolated to ribbons, as we show in Figure S13 .
